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Abstract—Fuzzy relation is the generalization of the classical
binary relation. Based on intuitionistic fuzzy information system,
a fuzzy equivalence relation is defined in this paper. Thus, fuzzy
approximation space is established in intuitionistic fuzzy informa-
tion system. And rough membership measure is defined by fuzzy
equivalence relation. In addition, a few significant properties of
the degree of the roughness of membership are proved. , after
that an demonstrative case is proposed in intuitionistic fuzzy
information system.

Index Terms—Fuzzy equivalence relation; IF information sys-
tem; Rough membership measure; Rough set

I. INTRODUCTION

In 1980, Pawlak [39] proposed the rough set theory,
which is an expansion of the classical set theory. And
in the field of artificial intelligence[14], rough sets theory
has a wide range of applications. And rough set theory
be considered as a soft computing tool to handle inaccu-
rate data sets. Rough set theory has been used adequate-
ly in the domains of pattern recognition[30][16], medical
diagnosis[41][2], algebra[18][11], data mining[42][28], con-
flict analysis [29][7][31], which is related to a large amount
of inaccurate, fuzzy, and undeterminate information.

In 1986 intuitionistic fuzzy (IF) set was proposed by
Atanassov [15]. As a extension of fuzzy set [19], intuitionistic
fuzzy is highly effective to deal with vagueness[27]. IF set
theory has been widely used in deal with inaccurate of data
[12][21]. The combination of IF set theory and rough set
theory can produce a new hybrid mathematical structure to
deal with IF data.[13]. For the near term, the definition of
IF sets has been discussed in the IF information system, and
the rough set theory has been extended[8][1]. For example
Wu and Liu [32] discussed IF equivalence in IF information
system, and founded upper approximation reduction model
in IF information system. Huang et al.[3] proposed three
types of IF multi-granulation rough set (IFMGRS, briefly).
From their basic properties, Huang et al. concluded that
they are generalizes of above of three IF rough sets(IFRS).
And, Huang et al. have defined the reduce of the three
types of IFMGRSs to remove superfluous IF granulations.
IFRS approximation method is proposed by Zhou et al.[22].
And Zhou has improved algorithm about IFRS approximation
method in[23]. Zhang[43] studied some properties and con-
clusions of upper and lower approximation of IF covering.
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Huang et al. [3][6][4][5] have proposed interval-valued IF
and order-based IF rough set models and their applications.
Rough membership function was proposed by Pawlak [40]
in 1994. These functions have values are not {0,1}, but
interval [0,1]. Rough membership function is computable in
the light of the observable information about the objects rather
than on the objects themselves. Greco et al. [10] applied
Rough membership function to Bayesian decision theory. A
new decision theoretic model is constructed by combining
decision theory with rough membership. Mani [24] applied
Rough membership function to probability. A probabilistic
rough membership measurement model is constructed by
combining probability with rough membership. Li and Xu [33]
discussed rough membership degrees in ordered information
system. Ge et al.[36] researched what to utilize Pawlak’s
rough membership function on digitally featuring decisions
by use an case study in evidence-based medicine. Yao [38]
proposed probabilistic rough set approximation operators by
use rough membership functions. Based on existing studies
, he gave some valuable conclusions about the rough set
model with decision-theoretic. Through the use of the idea
of rough membership functions, the category theoretic ap-
proach was generalized by Chakraborty[25]. Based on a new
covering-based rough membership function, Xu [35]studied
generalized upper approximation and lower approximation.
They also defined a measure of roughness on account of
the covering-based rough membership function and discussed
some significant applications of this measure. However, based
on IF information system, how to research rough membership
measure. The problem remains to be studied. Thus, based
on IF information system, we structure fuzzy approximation
space by a fuzzy equivalence relation. And rough membership
measure is redefined in fuzzy approximation space. after that,
a few significant properties of the degree of the roughness of
membership are proved.

The remaining of this article is shown below: a few pre-
liminary definitions are concisely showed in Section 2. Fuzzy
approximation space is obtained by defined the fuzzy equiv-
alence relation in IF information system .Rough membership
measure is defined by fuzzy equivalence relation. Therefore, a
few significant properties of rough memberships measure have
been presented and demonstrated in Section 3. In Section 4,
these properties are validated with an examples.
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II. PRELIMINARIES
A. Fuzzy Set, IF Set and IF Information System(IFIS)

Definition 2.1[20][?]Suppose U be a universe of discourse
A:U —[0,1];ul — A(z)

then A is called fuzzy set on U

(D) Vz e U, B(zx) < A(x) = B C A.

(2) (AU B)(z) = A(z) V B(z) = maz(A(z), B(z));(AN
B)(x) = A(x) A B(xz) = min(A(z), B(x)).

(3) (AB)(x) = A(2)B(x), A°(x) = 1 - A(z).
Definition 2.2[32][17]Let X be a non empty classic set.The
three reorganization in X like A = {(z,pa(x),va(z))|z €
X} meets the following three points.

(1) pa — [0, 1] indicates that the element of X belongs to
the A membership degree.

(2) va — [0,1] indicates that the non membership degree.

3) 0 < A(z) +va(x) < 1.

A is called an IF set on the X.

Related operations of IF sets. Suppose

A = {({z pae),vale)) e € X) € TF(X),
B = {{z,up(x),vp(z))|r e X} € IF(X).

A C B < pa(z) < pp(x) and va(x) > vp(z),Vo € X;
ANB

= {(z, min{pa(z), pp(x))}, maz{va(z),vp(z)hle € X};
AUB

= {{z, maz{pa(@), pp(2))}, min{va(z),vp(z)})le € X};
A ={(z,va(x), pa(z))|z € X}.

Definition 2.3[32] The four tuple I = (U, AT, V, f) are called
an IFIS, where

(1) U ={x1, 22, -+ ,x,} Where an arbitrary z; € U is an
object, 1 =1,2,--- ,n;

(2) AT = {a1, a2, -+ ,ap} Where an arbitrary a; € U is
an attributes, j = 1,2,--- ,p;

BV=
ac AT

@) f:Ux AT = V , there f is called a function such

thatf (z,a) € V,,for each a € AT, x € U, where V, is called

an IF set valued about U. This is f(z,a) = (ua(x), ve(x)),
for every a € AT.

U V. and the value of the attribute a is V;

B. Fuzzy Approximation Space

Definition 2.4[34] Suppose R is a fuzzy relation, R has the
following three properties

(1) If for any z € U, R(z,z) = 1, R is called satisfying
reflexivity.

(2) If for any =,y € U, R(z,y) = R(y,z), R is is called
satisfaction symmetry.

(3) Ifforany x,y,z € U, R(z,y) > V.cv(R(x, 2) AR(2,y)),
R is called satisfying transitivity.

On U, if R satisfies both reflexivity, symmetry and transitivity
at the same time, therefor R is called a fuzzy equivalence
relation on U.

If U = {z1,22, -+ ,z,} is a non-empty finite set, R :
U x U — L can be represented by an fuzzy matrix formR =
(R(xi,2;))nxn.ie. R is called fuzzy relation. Then

(R(w1,21) R(w1,22) R(21,2n)
_ (R(z2,z1) R(xz,x2) R(z2,xn)
(R(mm 1) R(ﬂfm x2) R(mn, Tn)

Z = (U, R) is called fuzzy approximation space, which U
is the universe, then the R is an equivalence relation on U .
Definition 2.5[9] Suppose Z = (U, R) is a fuzzy approxima-
tion space, U is a classical non-empty and finite set of objects.
R is called fuzzy equivalence relation on U, A C U.

Raly) = M1 —=R(z,y)|lz ¢ A};

Ra(y) = V{R(z,y)|lz € A}

R 4 and R 4 are called the fuzzy lower approximation and
upper approximation of A in Z, respectively. If R ; # R,
then A is called rough fuzzy set.

The positive, negative, and boundary region of A are defined
as follows:

POSRA=R,,NEGrA = (Ra)*,BNDRA=TRs—R,.
Proposition 2.1[37]The lower and upper approximation of A
have the following properties.
()R, CACRa.
@) Rae = (Ra)% Rae = (Rp)°.
BV Ry =9,Re =0, Ry =U,Ry =U.
4) Ranp = Ra NRp, Ravg = RaURgp.
B)ACB=R,CR5,ACB=R4sCRp.
(6) Ry URp C Raups Rans C RaNRg.

Proof:

(DVy eRy = Ruy) =1=R(z,y) =0,z ¢ A,=y€
A, Vye A= V{R(x,y)lr e A} =1=Raly) =1=y¢c
R 4. Thus, R4CAC Ra.

QVYy ER4pe ©@ Rue(y) =N1-R(z,y)lx ¢ At =1<
y €AY & Raly) = V{R(z,y)[r € A} =0 y ¢ Ra &
y € (Ra)¢. Thus, R 4. = (Ra); Similarly, Rac = (R4)°.

(3)Obviously set.

DVYy € Ranp © Ranp(y) = M1 = R(z,y)lz ¢ AN
B}=1leye ANB & R, (y) =1landRy(y) =1y €
Ry NRg. Thus, Rynp = R4 N Rp; Similarly, Raup =
ﬁA U ﬁB.

Oy € Ry & Ruly) = M1 —R(z,y)lz ¢ A} =1,
because, A C B = A{1 —R(z,y)|lx ¢ B} =1=Rg(y) =
1, Thus, AC B = R, C Rp; Similarly, A C B = Ra C
RE.

(6)By (5) can be directly inferred.

III. ROUGH MEMBERSHIP DEGREE BASED ON
INTUITIONISTIC FUZZY INFORMATION SYSTEM

Definition 3.1 Suppose I = (U, AT,V,F) is an IFIS,

vak S AT7 x?yxj S U’ f(xhak) = <,u’ak(xi)7yak(xi)>7

flzj,ar) = (pa,(2;),Vay (z;)). The similarity degree of

objects x; and x; under attribute set AT is as follows:
P

R(wi,w;) = 3. Sax (i 25)/p-

1242



Say, (Tiy ;)

_ Hay (i) fray (T5) + Vay (Ti)Va, (5)
max{ (i, (7:))* + (Vay (€:))?, (tay, (25))? + (Va, (2))?}

is called the relative similarity degree of f(z;,a;) and
f(xj,ax). Through establishing analogical relations R, we
could turn IFIS into a fuzzy approximation space (U, R) in
accordance with definition 2.4. The subscript AT will be
omitted in the rear. It holds:

(1) Firstly, U is a non-empty classical set, a binary relation
R from U to U indicates a fuzzy set R : U xU — [0, 1].
So R is a fuzzy relation on the universe U.
(2) Furthermore, R is a fuzzy equivalence relation on U.
The reasons are as follows:
e Vr e U, R(x,z) =1, R is reflexive;
e Vo, y e U, R(z,y) = R(y,x), R is symmetric;
e Vr,y,z € U, R(z,y) AN R(y,2) < R(z,2), R is
transitive.
These three conditions are very obvious. Therefore, ordered
pair (U, R) forms a fuzzy approximation space.
Definition 3.2 Suppose I = (U, AT,V, F) is an IFIS, R is
fuzzy equivalence relation of I. A C U, for any y € U,
rough membership measure of y in A with respect to R that
is denoted by
;€A

> R(zjy)

;€U

U (y) =

Apparently, for any y € U, 0 < U4 (y) < 1.
Proposition 3.1 Suppose I = (U, AT, V, F) is an IF informa-
tion system, R is fuzzy equivalence relation of 1. A C U, for
any y € U. The properties of rough membership measure are
as follows:

MUY (y) = 1;
(@u%wzo
3) Z/IR(y) =1&ye POSrA;
@) Z/IR( )=0&y e NEGrA;
(5)0<u7g1 )<1<:>y€BNDRA;
©) Uz (y) =1 Uz (y).
Proof:
(1)On the basis of Definition 3.2,when A = U ,we can
easily get
ZEIU R(wi,y)
U T
U W) = " Ry
r;eU

(2) Similar to (1) from the Definition 3.2, when A = &,
for any x; € @, R(z;,y) = 0 . Therefore e can obtain
Z@ R(xi,y)
Up (y) = S =0
® > R(zj,y)
zj eU
(3) On the basis of Definition 3.2 and Definition 2.5, we
can get:

> R(ziy)

Ur(y) = 7%@73(%4}) =1« > Ry =0<
@ ;€U T EAC
/\{lfR(Ik, )mkEAC}*léR()*I@yER@yE

POSRA.
(4) Similar to (2) from the Definition 3.2 and Definition
TZg)g R(z4,y)
Up(y) = =
@ €U - ;€A o
{VR(zi,y)lz; € A=0t & R(y) =0 y¢ R yE
(5) According to (3) and (4), apparently ,the Proposition be
derived.

2.5, we can obtain:
(R)¢ &y € NEGRA.
(6) On the basis of Definition 3.2, we can easily get

> Rlziy) X Rl@iy)— > Rlwi,y)
Z/lU_A( ) _ z,€U—-A _ xeU ;€A
> R(zjy) > R(zjy)
;€U r;eU
=1—Uz(y). ]

Proposition 3.2[26] Suppose I = (U, AT, V, F) be an IFIS,
R is fuzzy equivalence relation of I. A C U, for any y € U,
and mainly found the following conclusions:

() UR(y)=1=y€e 4

Q) UR(Y)=0=y ¢ A;

Proof:

(1) On the basis of Proposition 3.1(3),we can obtain:

UA(y) =1 =y € POSRA =y R, = Raly) =1 =
M1 — Rz, y)|a; € A} = 1 = {VR(xs,y)|z; € A°} =
0=Vz;, € A R(x;,y) =0=>y ¢ A° =y e A

(2) On the basis of Proposition 3.1(4),we can obtain:

UR(y) = 0=y € NEGRrA =y € (Ra)° = Ral(y) =
0= {VR(z;,y)|z; € A} =0=Va; € A, R(z;,y) =0 =
y¢ A=ye A°. ]
Remark

() yeA=sUszy) =1;

@) y ¢ A= Uzp(y) =0

Proof: Let U = {x1, 29,23}, A= {21,235}

A fuzzy relation on U: R(z1,z1) = 1, R(z1,z2) = 0.40,
R(.’L‘l,xg) = 0.60, R(ch,xl) = 0.40, R(xg,l‘g) = 1,
R(J?Q,xg) = 080, R(J?;},Jfl) = 060, R($3, 1‘2) = 080,
R(mg,xg) =1.

(I)when y = x1,y € A, U5 (y) = 0.8 # 1, Thus, y € A =
UA(Y) = 1.

(2)when y = z2,y ¢ A, Ua(y) = 0.55 # 0, Thus, y ¢
A= Uz (y) = 0. [ |
Proposition 3.3 Suppose I = (U, AT,V,F) is an IF infor-
mation system, R is fuzzy equivalence relation of I. A C U,
for any y € U, for any A, B C U, and therefor concludes as
follows:

() A C B = Up(y) <UE(y):

@) UAYP (y) > VAUA(y), UE (4) )

(3) UR"P (y) < MU (), UE (4)

@) URVP (y) = UR (y) + UE (y) — ;

(5) ANB =2 = UR"B(y) = Ui (y) + UR (y).

Proof:

)

AnB( )
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(1) when AC B

UR (y) — Uz (y)
_ z;€B €A _ z,.€(B—-A) >0
Z R(xjay) Z R(xjvy) -
IjGU ZL’J‘GU
Thus, Uz (y) < UR (y)-
2) Ur P (y) — UR(y)
Z R(xz,y) - Z R(‘rkWy) Z R(xmy)
_ zr;€AUB TREA _ z,.€B >0
> R(zj,y) > Rlzjy) —
ijU ijU
& Ur"P(y) <UR(y).
Similarly, Ug"5 (y) < Uf (y).
Thus, UAUB (y) > V{Uz (y),UR (y)}
() UA(y) — UAP (1)
Z R(l‘i, y) - Z R(Z‘kay) R(xT7y)
_ w€A zx€EANB z.€(A—(ANB))
Z R(xjvy) Z R(xjvy)
:L’jEU ZL’jEU
>0 & Ugly y) > U (y)-
Similarly, U5 (y) > UA"B (y).
Thus, U™ (y) < MUz (y),UE (y)}
PO R(xi,y)
@ URVP(y) = "
ijU
Z R(xm»y) + Z R(I’n,y) - Z ’R’(xkvy)
_ Tm€A z,€B zr€(ANB)
> R(zjy)
I7‘€U
= Ur(y) +UR (y) — U™ (y).
(5) On the basis of proposition(4)
U™ (y) = Uz (y) + UR (y) — UR"" ().
According to Propesition 3.12), AN B = @ =
UR"B(y) = 0.
Thus, AN B =@ = URYE(y) =UA (y) + UE (y). ]

Proposition 3.4 Suppose I = (U, AT,V,F) is an IF infor-
mation system, R is fuzzy equivalence relation of I. A C U,
forany y € U. A = {A;,Ag,..., Ay} is a family of sets,
VA;, Aj 6 A, A;NA; = &, and therefor concludes as follows:

() Ug ™ (y) = Z U ()
QIfU = Ay U A2 U---UApy and A; N Aj = (), then
Ay
U (y) = 1.
Proof:
(1) From the (4) and (5) in the Proposition 3.3, we can
obtain UY 7 (y) = z U (y).

(2)According to the known conditions, we can obtain
(JA; =U. So we can get the following equation:

UR ™ (y) = Un (y) +Un2(y) + - + U™ (y) =

TABLE I
The intuitionistic fuzzy information system

U al a2 as a4 as

1 (0.4,0.4) (0.3,0.5) (0.7,0.2) (0.4,0.5) (0.7,0.1)
T2 (0.3,0.5) (0.2,0.5) (0.6,0.1) (0.4,0.5) (0.7,0.3)
3 (0.3,0.5) (0.4,0.4) (0.6,0.1) (0.4,0.5) (0.7,0.3)
T4 (0.8,0.1) (0.8,0.1) (0.5,0.4) (0.8,0.1) (0.8,0.2)
s (0.5,0.3) (0.4,05) (0.7,0.1) (0.5,0.5) (0.8,0.1)
6 (0.3,0.3) (0.2,0.3) (0.4,0.2) (0.5,0.1) (0.0,0.7)
7 (0.4,0.6) (0.5,0.1) (0.6,0.2) (0.2,0.6) (0.3,0.6)
g (0.6,0.1) (0.7,0.2) (0.4,0.2) (0.5,0.3) (0.7,0.1)
g (0.6,0.3) (0.4,0.0) (0.6,0.1) (0.8,0.2) (0.2,0.0)
z10 (0.0,1.0) (0.3,0.5) (0.2,0.6) (0.6,0.2) (0.0,0.2)

:DL'IEAl w12€A2 waEAN
> Rz, y)
z;eU
>, R(zi,y) Y R(ziy)
_ IiEUAi _ x, €U —
> R(zj,y) > R(zj,y)
z;cU ;€U

Example 3.1 As shown in TABLE, I = (U, AT,V,
is an IFIS. Among AT {a1,a2,a3,a4,a5},U
{z1,z9, - ,x10}, R is fuzzy equivalence relation of

||
F)
I

Z = (U,R) is a fuzzy approximation space on I.

On the basis of Definition 3.1 we can get fuzzy relation R
in TABLE.

TABLE II
A fuzzy relation on U

U x

1.00
0.92
0.92
0.65
0.92
0.54
0.74
zg 0.76
xrg 0.58
x10 0.55

z2 3 x4 x5 Ze x7 xg x9 z10

z1
T2
x3
T4
x5
z6
x7

1.00
0.98
0.62
0.87
0.61
0.77
0.71
0.57
0.56

1.00
0.66
0.89
0.60
0.82
0.75
0.62
0.56

1.00
0.73
0.45
0.60
0.77
0.66
0.44

1.00
0.51
0.70
0.78
0.62
0.49

1.00
0.61
0.58
0.48
0.50

1.00

0.64 1.00

0.61 0.61 1.00
0.53 0.43 0.37 1.00

Let A = {Ay, A, A3} is a partition of U, among A; =
{z1, 23,26}, Ao = {@2, 24, 25}, A3 = {x7, 28, 9, T10}

According to Definition 3.2 we can get the rough member-
ship measure of z;(xz; € U) in Ay, Ay and Az with respect to
R, and therefor results as follows:

Uz (x1) = 0.326,Un? (1) = 0.327,Us* (21
Ui (2) = 0.329, U (x9) = 0.327,Un (2

0.347
) ) ( 0.344

Uz (x3) = 0.324, Un?(z3) = 0.323,Un" (23

Uz (x4) = 0.267,Un? (14) = 0.357, U7 (24

Uz (x5) = 0.309,Un?(z5) = 0.347, Up® (25

Uz (x6) = 0.365, Un?(z6) = 0.266, Un® (6

) =
) =
) =0.353
) =
) =
Zg ) =
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Uz (x7) = 0.308,Un?(7) = 0.295,Up? (z7) = 0.397

Uz (15) = 0.298,Un? (5) = 0.321,Us* (x5) = 0.381

Uz (19) = 0.274,Un? (zo) = 0.302,Us" (z9) = 0.424
Ui (x10) = 0.298,Us? (210) = 0.273, Uz (10) = 0.429

Apparently{ Ay, Aa, A3} forms a partition of U, through this
example we can verify that for any x;(z; € U), Z/l;gl(xi) +
Ua? (2;) + UL? (x;) = 1. Thus, Proposition 3.4 is verified.

IV. CONCLUSION

In the field of the development and application of rough set
theory, extending the classical rough set theory to fuzzy rela-
tion front is an important direction. In this paper, we defined
the fuzzy equivalence relation in IF information system. Thus,
we can obtain fuzzy approximation space. Lower and upper
fuzzy approximation of classical set is discussed. The rough
memberships measure is defined by fuzzy equivalence relation.
Therefor, a few important properties of rough memberships
measure have been presented and demonstrated. In further
research, we will study the rough memberships measure in
IF approximation space.
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